We show that, up to isomorphism, there are 7 locally (M 11 , 2)-arc-transitive graphs. Then, using a series of Magma [1] programs, we compute, up to conjugacy, the locally (G, s)-arc-transitive graphs for G = M 11 , M 12 , M 22 , M 23 , M 24 , J 1 , J 2 , J 3 , HS, McL, He, Ru, Suz and Co 3 . We also obtain an almost complete classification for the O'Nan sporadic group O N.
Introduction
The families of s-arc transitive graphs and locally s-arc transitive graphs have been studied for a long time. We refer to [7] for references and links with other fields of mathematics.
In this paper, we focus on locally s-arc-transitive graphs on which a sporadic simple group acts as an automorphism group. We want to produce all such graphs for given sporadic groups. As we shall see in Section 3, it is possible to classify these graphs by hand for the smallest sporadic group, namely M 11 , once we have the full subgroup pattern of this group. The pattern is available, for instance in [3] . We then get a first result. Theorem 1.1. Up to isomorphism, there are seven locally (M 11 , 2)-arc-transitive graphs.
In Section 4, we explain briefly how to build Magma programs to classify all locally (G, 2)-arc-transitive graphs for a given permutation group G. Once we have the locally (G, 2)-arc-transitive graphs of G, we may easily test with Magma what is the highest value of s for which they are locally (G, s)-arc-transitive. This is done in Section 5.
We give the results obtained for the 15 smallest sporadic groups. We obtain a complete classification for each of these groups except for the O Nan group.
The key of the whole classification process is to be able to put our hands on the subgroup lattice of the group we want to classify those graphs for. Work by Derek Holt and John Cannon on the computation of maximal subgroups of a permutation group [5] has permitted the author to develop, in 2002, Magma programs to compute the subgroup lattice of permutation groups in a more efficient way that what was available in Magma at that time. Since 2005, this algorithm is available in the distribution of Magma and, roughly speaking, once Magma is capable of computing the maximal subgroups of a permutation group, there are great chances that it can compute the full subgroup lattice. Recently, the author has made a small improvement in that algorithm [9] , which has made it possible to compute these lattices for sporadic groups like Suz, Ru, O Nan, Co 3 and Fi 22 . Even more recently, John Cannon (personal communication) pointed out more improvements due to Bill Unger which dramatically speed up the process of computing the full subgroup lattice of a permutation group.
Locally 2-arc-transitive graphs
The following definitions are taken from [7] .
Let G be a finite simple undirected graph. Denote by V (resp. E) its vertex-set (resp. edge-set). The edge-set may be identified with a subset of unordered pairs from V . A 2-arc is a triple {α 0 , α 1 , α 2 } of vertices such that {α 0 , α 1 } and {α 1 , α 2 } are edges of G and α 0 = α 2 . Let G be a subgroup of the automorphism group Aut(G) of G. The graph G is said to be (G,2)-arc transitive if G is transitive on the set of 2-arcs of G; Also, G is said to be 2-arc transitive if it is (Aut(G), 2)-transitive. Similarly G is said to be (G, 1)-arc transitive if G is transitive on the 1-arcs of G, that is on the ordered pairs {α 0 , α 1 } where {α 0 , α 1 } is an edge of G. Obviously, 1-arc transitivity is equivalent to flag-transitivity if the graph G is seen as a rank two geometry whose elements of type 0 (resp. 1) are the vertices (resp. edges) of G. Moreover, 2-arc transitivity is equivalent to property (2T ) 1 described in [4] .
Hence, the search for all (G, 2)-arc transitive graphs is equivalent to determining the pairs of subgroups {G 0 , G 1 } is G such that
• G 0 has a 2-transitive action on the cosets of B in G 0 (this ensures 2-arc transitivity);
• G 0 , G 1 = G (this ensures connectedness of the graph)
Given G ≤ Aut(G), we call G locally (G, s)-arc transitive if G contains an s-arc and given any two s-arcs α and β starting at the same vertex v, there exists an element g ∈ G v mapping α to β. We say G is locally s-arc transitive if it is locally (G, s)-arc transitive for some G ≤ Aut(G).
Following Lemma 3.7 of [7] , the search for locally 2-arc-transitive graphs having G acting as an automorphism group is equivalent to determining the pairs of subgroups
is a subgroup of index at least three in G 0 and in G 1 (this ensures that the coset geometry Γ(G, {G 0 , G 1 }) is thick);
• (P 2 ) G 0 (resp. G 1 ) has a 2-transitive action on the cosets of B in G 0 (resp. G 1 ) (this ensures 2-arc transitivity);
Here, we assume thickness for otherwise, the locally (G, 2)-arc-transitive graph we get is isomorphic to a 2-arc transitive graph.
The Mathieu group M 11 and its locally 2-arc-transitive graphs
There are already two locally (M 11 , 2)-arc transitive graphs known for the Mathieu group M 11 . These are geometries numbered 2.3 and 2.4 in [12] . They were discovered by Michel Dehon and Xavier Miller in 1996. In this section, we prove Theorem 1.1. We give in Figure 1 the Buekenhout diagrams [2] of the 7 locally (M 11 , 2)-arc transitive graphs. Graphs Γ 4 and Γ 5 are respectively geometries 2.3 and 2.4 in [12] .
Proof of Theorem 1.1 : First, we determine what are the possible groups for G 0 . These are subgroups of M 11 which have a subgroup of index at least three on the cosets of which they act two-transitively. We then use the classification of the 2-transitive permutation groups (see [8] for instance). It gives us the possibilities for B once G 0 is fixed. Then we search for possible subgroups G 1 and without loss of generality, we may assume that the order of G 1 is less than or equal to the order of G 0 . We proceed in decreasing order for G 0 . Looking at the subgroup pattern of M 11 given in [3] , we get the following cases.
1. G 0 ∼ = M 10 implies that B ∼ = M 9 and G 1 ∼ = M 10 . This is the graph Γ 1 . 6 . The corresponding graph is Γ 3 .
3. G 0 ∼ = A 6 implies that B is isomorphic to either A 5 or 3 2 : 4. The two cases give no possible G 1 .
4. G 0 ∼ = M 9 : 2 implies that B ∼ = ΓL 1 (9) and G 1 ∼ = GL 2 (3). This is graph Γ 4 . 10. G 0 ∼ = 11 : 5 has obviously no two-transitive permutation representation.
G
11. G 0 ∼ = GL 2 (3) gives B ∼ = D 12 or ΓL 1 (9). The latter case gives no choice for G 1 . The former case gives G 1 ∼ = S 3 × S 3 . This is the graph Γ 5 .
12. G 0 ∼ = 3 2 : 4 gives no possibility for B. 15.
16. G 0 ∼ = 5 : 4 gives B ∼ = Z 4 and G 1 ∼ = 5.4. This is graph Γ 7 . One may check that the 5 : 4-subgroups correspond to stabilizers of a block of the S(4, 5, 11) and a point not in the block. Then, incidence is defined by saying that a element x 0 of type 0 is incident to an element x 1 of type 1 if the block of x 0 has one point in common with the block of x 1 and the points of x 0 and x 1 are distinct and outside both blocks. This implies that G 0 , G 1 = M 11 .
17. G 0 ∼ = S 3 × 3 implies B ∼ = Z 6 and there is no possibility for G 1 .
18. G 0 ∼ = 3 2 : 2 implies B ∼ = S 3 and no possibility for G 1 .
19. the remaining candidates for G 0 are too small to be able to find a G 1 such that G 0 , G 1 = M 11 . Input : G, a permutation group Output : S2, a set containing pairs of subgroups {G0, G1} of G satisfying properties P1 to P4
Compute the subgroup lattice of G Let S2 be an empty set in which we will store the pairs of subgroups corresponding to locally 2-arc-transitive arcs. 
The search for locally (G, 2)-arc-transitive graphs
We have seen in the previous section that classifying locally two-arc-transitive graphs for a given group G requires to look at all the conjugacy classes of subgroups of that group. This task is quite long to do by hand and errors might easily happen in long case by case analyses like this. Hence, the idea of writing a computer program which classifies these graphs for us comes naturally. Once the subgroup lattice of a group G is available, we may compute up to conjugacy the locally (G, 2)-arc-transitive graphs by writing a small Magma program. We classify these graphs up to conjugacy. That means that we give one representative of each conjugacy class of pairs of subgroups {G 0 , G 1 } under the action of G. Two pairs of subgroups {G 0 , G 1 } and {G 0 , G 1 } are in the same conjugacy class provided there exists an element g ∈ G such that either Figure 2 gives a rough description of the algorithm. In Table 1 , we give for each of the 15 smallest sporadic simple groups its name (G), its order (Order(G)), its smallest permutation representation degree (Deg(G)), the number of conjugacy classes of subgroups it has (cc(G)), the time it took the computer to obtain these graphs (Cpu time), and the number of locally 2-arc-transitive graphs it has up to conjugacy (#2-arc-trans). The timings were obtained on a workstation with two Intel Xeon Dual core 64 bits processors at 3.2 Ghz and 16 Gigabytes of memory. For the O Nan group, the only classes of subgroups B for which the computation was not doable with the above mentioned computer was the class of subgroups of order 2.
In [10] , we already found three (O N, 2)-arc transitive and seven locally (O N, 2)-arc transitive graphs. Table 1 : The number of locally (G, 2)-arc-transitive graphs for some sporadic groups G up to conjugacy.
Locally (G, s)-arc-transitive graphs
Once we get all the locally (G, 2)-arc-transitive graphs, we may easily check with Magma which ones are locally (G, s)-arc-transitive for s = 3, 4, . . .. In Table 2 , we give for each of the 14 sporadic groups where we have the complete classification of locally (G, 2)-arc-transitive graphs, how many of them are locally (G, s)-arc-transitive but not locally (G, s+1)-arc-transitive. It turns out that none of the graphs obtained have s ≥ 8.
Observe that one locally 7-arc-transitive graph arises for the Held group. There are two such graphs up to conjugacy but they are indeed isomorphic and Aut(He) exchanges them. The subgroups G 0 , G 1 and G 0 ∩ G 1 are respectively 2 4 · S 4 , 2 3 · (2 × S 4 ) and 2 4 · D 8 . It is a valency 3 graph. It has 20,991,600 vertices.
The locally (M 12 , 5)-arc-transitive graph is due to Ronan and Stroth [13] . It is in fact a locally (Aut(M 12 ), 7)-arc-transitive graph.
One of the locally (J 2 , 5)-arc-transitive graphs is due to Cohen [6] . The other one is due to the author [11] .
Magma files containing the permutation generators of all the graphs found in this paper are available on request from the author.
